Three-dimensional multiple-relaxation-time lattice Boltzmann model for
  convection heat transfer in porous media at the REV scale by Liu, Q. & He, Y. -L.
Three-dimensional multiple-relaxation-time lattice Boltzmann model 
for convection heat transfer in porous media at the REV scale 
 
Q. Liu, Y.-L. He
 
Key Laboratory of Thermo-Fluid Science and Engineering of Ministry of Education, School of Energy 
and Power Engineering, Xi’an Jiaotong University, Xi’an, Shaanxi, 710049, China 
 
Abstract 
In this paper, a three-dimensional (3D) multiple-relaxation-time (MRT) lattice Boltzmann (LB) 
model is presented for convection heat transfer in porous media at the representative elementary 
volume (REV) scale. The model is developed in the framework of the double-distribution-function 
(DDF) approach: an MRT-LB model of the density distribution function with the D3Q19 lattice (or 
D3Q15 lattice) is proposed to simulate the flow field based on the generalized non-Darcy model, while 
an MRT-LB model of the temperature distribution function with the D3Q7 lattice is proposed to 
simulate the temperature filed. The present model is employed to simulate mixed convection flow in a 
porous channel and natural convection in a cubical porous cavity. The numerical results demonstrate 
the effectiveness and accuracy of the present model in solving 3D convection heat transfer problems in 
porous media. The numerical results also demonstrate that the present model is approximately 
second-order accuracy in space. In addition, an enthalpy-based DDF-MRT model for 3D solid-liquid 
phase change with convection heat transfer in porous media is also presented. 
Keywords: Lattice Boltzmann method; Multiple-relaxation-time (MRT); Porous media; Convection 
heat transfer; Three-dimensional (3D); REV scale. 
 
1. Introduction 
Fluid flow and heat transfer in porous media have attracted considerable attention due to their 
fundamental nature and broad range of applications in many fields of science and engineering [1-4]. 
Over the last several decades, various numerical methods have been developed to study fluid flow and 
heat transfer in porous media. The lattice Boltzmann (LB) method [5-14], as a mesoscopic numerical 
method originated from the lattice-gas automata (LGA) method [15], has achieved great success in 
simulating fluid flow and heat transfer in porous media due to its kinetic background [16-35]. 
The LB models for fluid flow and heat transfer in porous media can be generally classified into 
two categories: the pore scale method [16-21] and the REV scale method [22-35]. Shortly after its 
emergence in the late 1980s, the LB method was applied to study 3D incompressible flows in a random 
medium by Succi et al [16]. In the pore scale method [16-21], fluid flow in the pores of the medium is 
directly modeled by the standard LB method. By using the no-slip bounce-back rule, the interaction 
between the fluid and the solid matrix can be handled efficiently. The main advantage of the pore scale 
method is that the detailed local information (e.g., permeability) of the flow in the pores can be 
obtained, which can be used to investigate macroscopic relations (e.g., the Darcy’s law). Moreover, 
some fundamental issues such as medium variability and scale dependency can be assessed 
quantitatively [17]. 
In the REV scale method [22-35], an additional term accounting for the presence of a porous 
medium is added into the LB equation based on some semi-empirical models (e.g., Darcy model, 
Brinkman-extended Darcy model, and generalized non-Darcy model). In this method, the statistical 
properties (e.g., porosity, permeability, inertia coefficient) of the medium are incorporated into the 
model directedly with the detailed structure being ignored, and thus the detailed local information of 
the flow in the pores are usually unavailable. However, by using appropriate models of the porous 
medium, reasonable results can be produced by this method. What’s more, the REV scale LB method 
can be used to study fluid flow and heat transfer in porous media systems of large size. Based on the 
generalized non-Darcy model (also called the Brinkman-Forchheimer-extended Darcy model) [36], 
Guo and Zhao [25] proposed a generalized LB model for studying incompressible flows in porous 
media. In the generalized LB model, the influence of the porous matrix is considered by including the 
porosity into the equilibrium distribution function, and adding a forcing term to the LB equation to 
account for the linear (Darcy’s term) and nonlinear (Forchheimer’s term) drag forces of the porous 
matrix. Subsequently, the generalized LB model was extended to simulate convection heat transfer in 
porous media [27, 28]. After nearly two decades of development, the REV scale LB method has been 
developed into an accurate and efficient numerical tool for studying fluid flow and heat transfer 
problems in porous media systems. In the literature [32-35], some efforts have also been made to 
develop thermal LB models for studying solid-liquid phase change with convection heat transfer in 
porous media. By combing the enthalpy method with the thermal LB method, the moving solid-liquid 
interface can be traced by updating the enthalpy without imposing hydrodynamic or thermal boundary 
conditions.  
It is noted that most of the existing REV scale thermal LB models for heat transfer problems 
[27-35] in porous media without/with solid-liquid phase change are limited to two-dimensional (2D) 
cases. Little attention has been paid to study heat transfer problems in 3D porous media systems via 3D 
REV scale thermal LB method. As a promising numerical tool for engineering applications, it is 
desirable to develop 3D REV scale thermal LB model to generalize our understanding of fluid flow and 
heat transfer processes in 2D porous media systems to those in 3D cases. Hence, the aim of this paper 
is to develop a 3D REV scale thermal LB model using the MRT approach considering that the MRT 
collision operator [37, 38] is superior over its BGK counterpart [7]. The model is developed in the 
framework of the DDF approach: a D3Q19-MRT model (or D3Q15-MRT model) is proposed to 
simulate the flow field based on the generalized non-Darcy model, while a D3Q7-MRT model is 
proposed to simulate the temperature filed. Numerical simulations of mixed convection flow in a 
porous channel and natural convection in a cubical porous cavity are carried out to validate the 3D 
DDF-MRT model.  
The rest of this paper is organized as follows. The macroscopic governing equations are briefly 
described in Section 2. In Section 3, the 3D DDF-MRT model for convection heat transfer in porous 
media is presented in detail. Numerical results and some discussions are given in Section 4. Finally, a 
brief conclusion is made in Section 5. 
2. Macroscopic governing equations 
For fluid flow and convection heat transfer in an isotropic and rigid porous medium, based on the 
generalized non-Darcy model, the macroscopic governing equations under local thermal equilibrium 
(LTE) condition can be written as follows [4, 36]: 
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where u , T , and p  are the volume-averaged fluid velocity, temperature, and pressure, respectively, 
0  is the mean fluid density,   is the porosity, ev  is the effective kinematic viscosity,   is the 
heat capacity ratio [ (1 ) ] / ( )f p f m pm f pfc c c        (ratio between mean heat capacity of the 
mixture and fluid heat capacity), and 
e  is the effective thermal diffusivity e (1 )f m       
( f  and m  are thermal diffusivities of the fluid and porous matrix, respectively). pc  is the specific 
heat, and the subscripts f  and m  refer to the properties of fluid and solid matrix, respectively. 
 , ,x y zF F FF  denotes the total body force induced by porous matrix and external force fields, 
which can be expressed as [27, 39] 
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where K  is the permeability of the porous medium, v  is the kinematic viscosity of the fluid ( v  is 
not necessarily the same as 
ev ), and 
2 2 2
x y zu u u  u , in which xu , yu , and zu  are components 
of the fluid velocity u  in the x-, y-, and z-directions, respectively. The first and second terms on the 
right hand side of Eq. (4) are linear (Darcy’s term) and nonlinear (Forchheimer’s term) drag forces of 
the porous matrix. Without the nonlinear drag force term ( 0 F ), Eq. (2) reduces to the 
Brinkman-extended Darcy equation. According to Boussinesq approximation, the body force G  is 
given by  
  0= T T  G g a                  (5) 
where g  is the gravitational acceleration,   is the thermal expansion coefficient, 0T  is the 
reference temperature, and a  is the acceleration induced by other external force fields. 
Based on Ergun’s experimental investigations [40], the inertia coefficient F  and the 
permeability K  can be expressed as [41] 
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where pd  is the solid particle diameter.  
Convection heat transfer in porous media governed by Eqs. (1)-(3) is characterized by several 
dimensionless parameters: the Darcy number Da , the Rayleigh number Ra , the Reynolds number 
Re  (for mixed convection flow), the Prandtl number Pr , the viscosity ratio J , and the thermal 
diffusivity ratio  , which are defined as follows 
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where L  is the characteristic length, 
cu  is the characteristic velocity, and   is the thermal 
diffusivity of the fluid. 
3. 3D DDF-MRT model for convection heat transfer in porous media 
The MRT method was proposed by d’Humières [37] in 1992, which is an important extension of 
the relaxation LB method developed by Higuera et al. [6]. In the LB community, it has been widely 
accepted that the MRT collision operator [37, 38] is superior over its BGK counterpart [7]. In recent 
years, several DDF-MRT models have been proposed to simulate heat transfer problems without 
porous media in two [42-44] and three [45, 46] dimensions. In our previous studies [30, 34], the 
DDF-MRT method has also been proposed to simulate heat transfer problems in porous media. In this 
section, a 3D DDF-MRT model for convection heat transfer in porous media is presented, which can be 
viewed as an extension to our previous studies. 
3.1 MRT-LB model for the flow field 
For the flow field, the MRT-LB equation with an explicit treatment of the forcing term can be 
written as [30, 47, 48]  
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where  ,if tx  is the density distribution function,  ,
eq
if tx  is the equilibrium density distribution 
function, 
1= Λ M ΛM  is the collision matrix ( M  is the transformation matrix, Λ  is the relaxation 
matrix), and 
iS  is the forcing term.  
Through the transformation matrix M , the collision process of the MRT-LB equation (8) can be 
executed in the moment space : 
        
*
,
, ,
2
eq
tt
t t 
 
     
 
x
m x m x m m I S
Λ
Λ           (9) 
The streaming process is still executed in the velocity space : 
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where * 1 *f mM . The bold-face symbols m , eqm  and S  denote b-dimensional column vectors: 
  mm fM ,  eq eq eqmm fM ,  SS SM     (11) 
in which = ff , =eq eqff , and  SS . For brevity, the Dirac notation   is adopted to denote 
a b-dimensional column vector, e.g.,  0 1 1, , , bm m m m 
T
. For the flow filed, the D3Q15 and 
D3Q19 lattices can be used in the MRT-LB model, which leads to the D3Q15-MRT and D3Q19-MRT 
models. The transformation matrices [49] are given in Appendix A. In what follows, the two MRT 
models for the flow field are introduced. 
3.1.1 D3Q15-MRT model 
The 15 discrete velocities  0,1, , 14i i e  of the D3Q15 lattice are given by (see Fig. 1) 
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where 
x tc    is the lattice speed with t  and x  being the discrete time step and lattice spacing 
in x-direction, respectively. The lattice speed c  is set to be 1  (
x t  ) in this work. 
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Fig. 1. Discrete velocities of the D3Q15 lattice. 
The moment vector m  is defined as 
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with 
x xj u , y yj u , and z zj u . For incompressible flows considered in this work, the 
incompressible approximation is adopted, i.e., 
0 0       (  is the density fluctuation), then 
the flow momentum is approximated by   0= , ,x y zj j j J u . 
The equilibrium moments eqim  for the non-conserved moments im  ( 0,3,5,7i  ) are given by 
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where 
1
 
and 
2
 
are free parameters. 
The diagonal relaxation matrix Λ  is given by  
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The components of the forcing term S  are given as follows:  
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The equilibrium distribution function 
eq
if  in the velocity space is given by ( 1 1  , 2 5   ) 
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where 
0 2 9w  , 1~6 1 9w  , 7~14 1 72w  , and 1 3sc   is the lattice sound speed. 
3.1.2 D3Q19-MRT model 
The 19 discrete velocities  0,1, , 18i i e  of the D3Q19 lattice are given by (see Fig. 2) 
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Fig. 2. Discrete velocities of the D3Q19 lattice. 
The moment vector m  is defined as 
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The equilibrium moments eqim  for the non-conserved moments im  ( 0,3,5,7i  ) are given by 
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where 
1 , 2 , and 3
 
are free parameters. 
The diagonal relaxation matrix Λ  is given by  
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The components of the forcing term S  are given as follows:  
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The equilibrium distribution function eqif  in the velocity space is given by ( 1 3  , 2 5.5   , 
3 0.5   ) 
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where 
0 1 3w  , 1~6 1 18w  , 7~18 1 36w  , and 1 3sc   is the lattice sound speed. 
The macroscopic fluid density   and velocity u  of the MRT-LB model are defined by 
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The macroscopic fluid pressure p  is defined as 
2
sp c  . Note that Eq. (26) is a nonlinear 
equation for the velocity u . By introducing a temporal velocity v , the macroscopic fluid velocity u  
can be calculated explicitly by 
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Through the Chapman-Enskog analysis [47] of the MRT-LB equation (8), the following 
macroscopic equations can be obtained: 
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is the shear stress tensor. In the incompressible limit, the macroscopic equations (29) and (30) reduce to 
the generalized Navier-Stokes equations (1) and (2). The effective kinematic viscosity 
ev  and the bulk 
viscosity 
Bv  are defined as  
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3.2 MRT-LB model for the temperature field 
For the temperature field, a new MRT-LB model is proposed in this subsection. the MRT-LB 
equation is given by 
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where  ,ig tx  is the temperature distribution function,  ,
eq
ig tx  is the equilibrium temperature 
distribution function, N  is the transformation matrix, and Q  is the relaxation matrix. 
Through the transformation matrix N , the collision process of the MRT-LB equation (33) can be 
executed in the moment space : 
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where  nn gN ,  eq eq eqnn gN . The streaming process is executed in the velocity space : 
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where 
* 1 *g nN .  
As the temperature is regarded as a passive scalar, the D3Q7 lattice can be used in the MRT-LB 
model for the temperature field. The 7 discrete velocities  0, 1, , 6i i e  of the D3Q7 lattice are 
given in Eq. (12) (see Fig. 1). In the present study, the transformation matrix N  of the D3Q7-MRT 
model is given by 
 
1 1 1 1 1 1 1
0 1 1 0 0 0 0
0 0 0 1 1 0 0
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0 1 1 0 0 1 1
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                (36)  
The transformation matrix N  is constructed based on the following basis vectors: 1 , xe , ye , 
ze , 
2 2 2 x y ze e e , 
2 2x ye e , 
2 2x ze e . The equilibrium moments  eqin  are defined as 
  , , , , ,0,0eq x y zT u u u n
T
    (37) 
where  0, 1  .
 
 
The relaxation matrix Q  is given by 
  diag , , , , , ,         T e v vQ          (38) 
0n  is the only conserved moment and the temperature T  is computed by 
 
0   i
i
T n g                 (39) 
For convection heat transfer without porous media, the equilibrium moments  eqin  are defined by 
 1, , , , ,0,0eq x y zT u u u n
T
, and the temperature T  is computed by 0  i
i
T n g . 
Through the Chapman-Enskog analysis of the MRT-LB equation (33), the following macroscopic 
equation can be obtained 
 
 
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T
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where 3sTc   is the lattice sound speed of the D3Q7 model. In most cases, the deviation term 
   
1
1ζ 0.5t t T
   
 
u  in Eq. (40) can be neglected for incompressible thermal flows, then the 
temperature governing equation (3) can be recovered under the assumption that   does not change 
with time and varies slowly in space. The effective thermal diffusivity is 
e  defined as 
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e
1 1
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2ζ
sT tc
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The equilibrium temperature distribution function eq
ig  (
1=eq eqg nN ) in the velocity space is 
given by 
                          
2
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                       (42) 
where 
0 1   , 1~6 6  . The inverse of N  is given by 
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               (43) 
The D3Q7-MRT model can be extended to simulate solid-liquid phase change with convection 
heat transfer in porous media. In Appendix B, an enthalpy-based D3Q7-MRT model for solid-liquid 
phase change with convection heat transfer in porous media is briefly introduced. 
4. Numerical results and discussions 
In this section, numerical simulations of mixed convection flow in a porous channel, natural 
convection in a cubical porous cavity, and two-region conduction melting in a semi-infinite space are 
carried out to validate the present model. Unless otherwise specified, we set 
0 1  , 1 t , 
1    x y z , 1c  , =1J , =1 , 1  , and 1 2   (
2 1 6sTc ). The free relaxation rates are 
chosen as follows: 1  js s , 1.1  e qs s s , 1.2ms  (D3Q15-MRT model); 1  js s , 
1.1    e qs s s s , 1.2ms  (D3Q19-MRT model); ζ 1T , ζ ζ 1.2 e v  
(D3Q7-MRT model). 
The non-equilibrium extrapolation scheme [50] is employed to treat the velocity and temperature 
boundary conditions. For natural convection in a cubical porous cavity, the D3Q19-MRT model is 
employed to simulated the flow field. 
4.1 Mixed convection flow in a porous channel 
In this subsection, we first test the present model by simulating the mixed convection flow in a 
porous channel (see Fig. 3). The distance between the two parallel plates is H , the upper plate is hot 
(
hT T ) and moves along the x-direction with a uniform velocity 0u , while the bottom plate is cold 
(
cT T ). A constant normal flow of fluid is injected (with a uniform velocity 1u ) through the bottom 
plate and is withdrawn at the same rate from the upper plate. Without the nonlinear drag force ( 0F  ), 
the flow at steady state is governed by the following equations [27, 30, 31]: 
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where  0 2h cT T T   is the reference temperature, and ya  is the external force in the y-direction: 
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The analytical solutions of Eqs. (44)-(46) are given by 
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where 
1Re= Hu v  is the Reynolds number, e ePr = v  is the effective Prandtl number, 
h cT T T    is the temperature difference. The two parameters 1  and 2  in Eq. (48) are given by 
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In simulations, we set 100Ra  , 1Pr  ( e Pr Pr ), 0.6  , and 0 1 0.01 u u . Periodic 
boundary conditions are imposed in the x- and z-directions, and a grid size of 6 32 6    x y zN N N  
is adopted. The relaxation rates 
vs  and ζ  are determined by 
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Fig. 3. Mixed convection flow in a porous channel. 
In Figs. 4 and 5, the normalized velocity and temperature profiles for different Reynolds 
numbers and Darcy numbers are plotted and compared with the analytical solutions. As can be 
observed, the present results are in excellent agreement with the analytical solutions.  
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Fig. 4. Velocity and temperature profiles for different Re  and Da  (D3Q15-MRT model).  
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Fig. 5. Velocity and temperature profiles for different Re  and Da  (D3Q19-MRT model). 
Numerical simulations are also carried out to evaluate the spatial accuracy of the present model. In 
simulations, we set 100Ra  , 1Pr , 5Re , 0.6  , and 1vs . The grid number yN  varies 
from 32  to 96 . The relative global error of a variable ( u
 
or T ) is defined by 
  
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 
2
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2
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E
x
x
x x
x
Φ Φ
Φ
Φ
           (52) 
where 
AΦ  and LBΦ  represent analytical and numerical solutions, respectively, and the summation is 
over the entire domain. The relative global errors of the velocity and temperature are plotted 
logarithmically in Fig. 6, where the symbols denote present results and the lines denote least-square 
fittings. The results indicate that the present model is approximately second-order accuracy in space. 
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(a) D3Q15-MRT model (b) D3Q19-MRT model 
Fig. 6. Relative global errors of velocity and temperature at different grid numbers 
 ( 32yN , 48, 64, 80, 96). 
4.2 Natural convection in a cubical porous cavity 
In this subsection, the present model is employed to study convection heat transfer in a cubical 
porous cavity. The schematic of this problem is illustrated in Fig. 7. The length, width, and height of 
the cubical cavity are L , W , and H
 
(  L W H ), respectively. The left and right walls are kept at 
constant temperatures 
hT  and cT  ( h cT T ), respectively, while the other four walls are adiabatic. The 
buoyancy force is given by  0  g T TG k , where  0 2 h cT T T  is the reference temperature, 
and k  is the unit vector in the z-direction.  
The 3D local Nusselt number  local ,Nu Y Z , the z-direction averaged Nusselt number  Nu Y  at 
the hot wall, and 3D average Nusselt number 
3DNu  at the hot wall are defined by 
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respectively, where  cT T T    , h cT T T   , and    , , / , / , /X Y Z x L y W z H . The averaged 
Nusselt number at the hot wall of the symmetry-plane ( 0.5Y  ) mpNu
 
is given by  mp 0.5Nu Nu . 
The relaxation rates 
vs  and ζ  are determined by 
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where  c sMa u c  is the Mach number, in which cu g TL   is the characteristic velocity. For 
incompressible thermal flows considered in this work, the Mach number Ma  should be small and is 
set to be 0.1. 
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Fig. 7. Natural convection in a cubical porous cavity. 
In simulations, the Prandtl number = 0.71Pr , the porosity 0.4   and 0.8 , the Rayleigh 
number Ra  ranges from 
25 10  to 610  (Darcy-Rayleigh number * Ra DaRa  ranges from 50  
to 
310 ), and the Darcy number Da  ranges from 
310  to 
110 . Considering both the computational 
time and the accuracy, for 610Ra   (
* 310Ra  ), a grid size of 80 80 80x y zN N N      is 
adopted, for 610Ra  , a grid size of 64 64 64x y zN N N      is adopted. 
In Table 1, the average Nusselt numbers (
3DNu ) obtained by the present model are compared with 
the boundary element method (BEM) results [51] of the Brinkman-extended Darcy model ( 0 F ) for 
different *Ra  and Da  with 0.8  . It can be seen that the present results are in good agreement 
with the BEM results for the whole range of Darcy-Rayleigh and Darcy numbers. In Table 2, the 
average Nusselt numbers (
3DNu ) obtained by the present model are compared with the numerical 
results [51, 52] of the Brinkman-extended Darcy model for different Da  with 
* 310Ra  and 
0.8  . Very good agreement between these results can be seen from Table 2. 
Table 1. Comparison of the present results with the BEM results [51] of the Brinkman-extended Darcy 
model ( 0.8  ). 
*Ra  
110Da   210Da   310Da   
Ref. [51] Present Ref. [51] Present Ref. [51] Present 
50 1.010 1.0095 1.216 1.2162 1.635 1.6405 
100 1.039 1.0372 1.533 1.5384 2.331 2.3367 
200 1.132 1.1292 2.029 2.0412 3.341 3.3291 
500 1.453 1.4534 2.920 2.9355 5.148 5.0771 
Table 2. Comparison of the present results with the numerical results [51, 52] of the 
Brinkman-extended Darcy model (
* 310Ra , 0.8  ). 
Da  Ref. [51] Ref. [52] Present 
110  1.855 1.854 1.8615 
210  3.770 3.755 3.7764 
310  6.922 6.820 6.7085 
In what follows, based on the generalized non-Darcy model (the inertia coefficient F  is given 
by Eq. (6)), a parametric study has been conducted for convection heat transfer in the cubical porous 
cavity for various values of Ra , Da , and  . In Fig. 8, the isotherms and contour lines of xu  for 
* 310Ra   and 0.8   in the symmetry-plane ( 0.5Y  ) are shown. As can be seen from the figure, 
a decrease in Da  leads to an intensification of convection flow inside the cubical porous cavity and 
as a result to thinner (thermal and velocity) boundary layers near the hot and cold walls. The isotherms 
and flow patterns in the symmetry-plane are qualitatively similar to those of the 2D convection heat 
transfer in a square porous cavity. However, the effect of the side walls of 3D convection heat transfer 
in a cubical porous cavity would be notable, which is to be discussed later.  
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Fig. 8. Isotherms (left) and contour lines of 
xu  (right) for 
* 310Ra   and 0.8   in the 
symmetry-plane ( 0.5Y  ).    
In Table 3, the average Nusselt numbers (
3DNu ) at the hot wall are presented for various 
*Ra , 
Da , and  . The following trends can be observed from the predicted results: (i) for a given Da  and 
 , 
3DNu  increases with the increase in 
*Ra , with the lowest value at * 50Ra   and highest value at 
* 310Ra  ; (ii) for a given *Ra  and  , 
3DNu  increases with the decrease in Da , and the influence 
of Da  is more pronounced at higher values of 
*Ra ; (iii) for a given *Ra  and Da , 3DNu  
increases with the increase in  . The influence of   on 
3DNu  is shown in Fig. 9. Clearly, for higher 
value of  , the effect of the inertia and nonlinear drag terms are less significant, which leads to higher 
flow velocities and higher values of 
3DNu . 
Table 3. Average Nusselt numbers of the generalized non-Darcy model. 
*Ra  
0.4   0.8   
110Da   210Da   310Da   110Da   210Da   310Da   
50 1.0029 1.0990 1.4509 1.0094 1.2000 1.5968 
100 1.0109 1.2730 1.9409 1.0361 1.4925 2.2337 
200 1.0403 1.5880 2.6316 1.1233 1.9535 3.1356 
500 1.1836 2.2011 3.8173 1.4291 2.7899 4.6877 
1000 1.4289 2.7916 4.9193 1.8124 3.5836 6.1256 
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Fig. 9. The influence of   on 
3DNu  of the generalized non-Darcy model. 
The influence of the nonlinear drag force on 
3DNu  is shown in Fig. 10. In the figure, BD model 
represents the Brinkman-extended Darcy model, and BFD model represents the generalized non-Darcy 
model. Form the figure we can observe that for 0.1Da , the results are almost the same for the BD 
and BFD models, the influence of the nonlinear drag force can be neglected. While for 0.1Da  and  
* 100Ra , the nonlinear drag force becomes significant and reduces the overall heat transfer, which 
leads to smaller values of 
3DNu . For non-Darcy flows (
4 110 10  Da ) with relatively large *Ra , it 
is essential to consider the influence of the nonlinear drag force. 
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Fig.10. The influence of the nonlinear drag force on 
3DNu . 
Finally, the effect of the side walls of 3D convection heat transfer in the cubical porous cavity is 
studied. Here we only consider the case with 
510Ra  , 210Da , and 0.8   without loss of 
generality. In Fig. 11, the average Nusselt number along the y-direction at the hot wall (  Nu Y ) is 
shown. From the figure we can observe that  Nu Y  increases as 0.5Y , and the maximum value 
occurs at 0.5Y , i.e.,  max mp 3.7377Nu Y Nu  . The 3D average Nusselt number 3DNu  at the hot 
wall is 3.5836 (see Table 2), while the 2D average Nusselt number 
2DNu  at the hot wall of the 2D 
square porous cavity is 3.7054 (obtained by the 2D DDF-MRT model [30] based on a grid size of 
100 100x yN N   ). Owing to the effect of the side walls, the 2D result overestimates the 3D 
effective heat transfer, but underestimates the symmetry-plane effective heat transfer. With respect to 
mpNu , the 3D heat transfer is always weaker. 
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Fig.11. The distribution of the z-direction averaged Nusselt number ( 0X  ).  
4.3 Two-region conduction melting in a semi-infinite space 
In this subsection, numerical simulations of two-region conduction melting in a semi-infinite 
space (see Fig. 12) are carried out to validate the enthalpy-based D3Q7-MRT model. In this problem, 
the initial temperature (
iT ) of the phase change material (PCM) is below the melting point of the PCM 
(
mT ), the temperatures of both the liquid and solid phases are unknown and must be determined. This is 
the so-called two-region conduction melting problem. At time 0t  , a constant temperature hT  
( h mT T ) is imposed on the left wall ( 0x  ) and maintained at that temperature for 0t  . As a results, 
the melting starts at 0x   and the interface moves in the positive x-direction. The temperatures of the 
liquid and solid phases are given by [56] 
  
   
 
erf 2
,
erf


 
 
 
h m l
h
T T x t
T x t T ,  0 mx x t   (liquid region)          (57) 
  
   
 
erfc 2
,
erfc
m i s
i
l s
T T x t
T x t T

  
 
 
  ,  mx x t  (solid region)          (58) 
respectively, where   2m lx t t   is the location of the solid-liquid phase interface, 
 
2
2
0
erf d



   e  is the error function, and    erfc 1 erfx x   is the complementary error 
function. The parameter   can be determined by the following transcendental equation [56] 
 
 
 
   
22 1 2
erf erfc
     
    
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  
  
l s
s l i m a
l s h m pl h ml s
k T T Le e
k T T c T T
             (59) 
In simulations, the parameters are set as follows: 1hT , 0mT  , 1iT   , 0.02s  , 1  , 
1  , 1pl psc c  , 1pl aSt c T L    ( b mT T T   ). A grid size of 400 6 6    x y zN N N  is 
employed, and the thermal diffusivity ratio 
l s   varies from 1 to 12. To simulate such 
one-dimensional conduction melting problem, the periodic boundary conditions are imposed in the y- 
and z-directions, and the velocity field is set to be zero consistently ( 0u ). The relaxation rate ζ  is 
determined by  1 2eζ 0.5     sT tc , where  e 1    l l s lf f . In Fig. 13, the temperature 
profiles for different values of thermal diffusivity ratio at 0.01Fo   are plotted ( 2 sFo t L ). It can 
be observed that the present results are in good agreement with the analytical results. The locations of 
the solid-liquid phase interface for different values of thermal diffusivity ratio and Fo  are plotted in 
Fig. 14. Good agreement can be observed again between the present results and analytical results. 
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Fig. 12. Schematic of the two-region conduction melting in a semi-infinite space. 
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Fig. 13. Temperature profiles for different values of thermal diffusivity ratio at Fo=0.01.  
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Fig. 14. Locations of the solid-liquid phase interface for different values of thermal diffusivity ratio  
and Fo. 
5. Conclusions 
In this paper, a 3D DDF-MRT model is presented for convection heat transfer in porous media at 
the REV scale. The DDF-MRT model consists of two different MRT-LB models: an MRT-LB model of 
the density distribution function with the D3Q19 lattice (or D3Q15 lattice) is proposed to simulate the 
flow field based on the generalized non-Darcy model, and an MRT-LB model of the temperature 
distribution function with the D3Q7 lattice is proposed to simulate the temperature filed. The key point 
of the model is to include the porosity into the equilibrium moments and add a forcing term to the 
MRT-LB equation of the flow field to account for the linear (Darcy’s term) and nonlinear 
(Forchheimer’s term) drag forces of the porous matrix based on the generalized non-Darcy model. 
The present model is first employed to simulate mixed convection flow in a porous channel. It is 
found that the present results agree well with the analytical solutions, and the results demonstrate that 
the present model is approximately second-order accuracy in space. Then the present model is 
employed to simulate convection heat transfer in a cubic porous cavity in the non-Darcy flow regime. 
The results demonstrate that the present model has the applicability to solve 3D convection heat 
transfer problems in porous media. In addition, an enthalpy-based DDF-MRT model for 3D solid-liquid 
phase change with convection heat transfer in porous media is also presented. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Appendix A. Transformation matrices 
For the D3Q15-MRT model, the transformation matrix M  is given by ( 1c  ) [49] 
 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1 1 1 1 1 1 1
16 4 4 4 4 4 4 1 1 1 1 1 1 1 1
0 1 1 0 0 0 0 1 1 1 1 1 1 1 1
0 4 4 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 1 1 0 0 1 1 1 1 1 1 1 1
0 0 0 4 4 0 0 1 1 1 1 1 1 1 1
0 0 0 0 0 1 1 1 1 1 1 1 1 1 1
0 0 0 0 0 4 4 1 1 1 1 1 1 1 1
0 2 2 1 1 1 1 0 0 0 0 0 0 0 0
      
     
    
    
    
    
     
    
   
M
0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
    
 
    
    
 
     
       (A1) 
For the D3Q19-MRT model, the transformation matrix M  is given by ( 1c  ) [49] 
 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
30 11 11 11 11 11 11 8 8 8 8 8 8 8 8 8 8 8 8
12 4 4 4 4 4 4 1 1 1 1 1 1 1 1 1 1 1 1
0 1 1 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0
0 4 4 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0
0 0 0 1 1 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 4 4 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 1 1 0 0 0 0 1 1 1 1 1 1 1 1
      
     
    
    
    
    
    
M
0 0 0 0 0 4 4 0 0 0 0 1 1 1 1 1 1 1 1
0 2 2 1 1 1 1 1 1 1 1 1 1 1 1 2 2 2 2
0 4 4 2 2 2 2 1 1 1 1 1 1 1 1 2 2 2 2
0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0
0 0 0 2 2 2 2 1 1 1 1 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 1 1 1
    
       
     
     
     
 
 
 
 1 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
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    
   (A2) 
 
 
 
 
Appendix B. Enthalpy-based D3Q7-MRT model  
For solid-liquid phase change with convection heat transfer in porous media, under the LTE 
condition, the enthalpy-based energy governing equation can be written as [53] 
              e1 1l l l l s s m m l lf En f En En En k T
t
     

         
u     (B1) 
where 
lf  is the fraction of the liquid PCM in the pore space, lEn , sEn , and mEn  are enthalpy of 
the liquid PCM, solid PCM, and porous matrix, respectively, 
ek  is the effective thermal conductivity, 
and 
aL  is the latent heat of phase change. The subscripts l , s , and m  refer to the properties of the 
liquid PCM, solid PCM, and porous matrix, respectively. 
lEn , sEn , and mEn  are defined by  
 l pl l aEn c T f L  , s psEn c T , m pmEn c T                 (B2) 
Substituting Eq. (B2) into Eq. (B1), after a few steps, the following energy governing equation can be 
derived 
                  epl l a pl l a
l
k
c T f L c T T f L
t
 

 
       
  
u u      (B3) 
where 0l s f      ,   is the heat capacity ratio (ratio between mean heat capacity of the 
mixture and liquid heat capacity) [53] 
 
   1 1l l pl l s ps m pm
l pl
f c f c c
c
    


     
                   (B4) 
In liquid region, [ (1 ) ]/( )l l pl m pm l plc c c       ;in solid region, [ (1 ) ]/( )s s ps m pm l plc c c       .  
Note that the last term in Eq. (B3), i.e.,   a lL f u , which is induced by the flow in the mushy 
zone, can be neglected for isothermal solid-liquid phase change [53-55]. Then by introducing an 
effective enthalpy e pl l aEn c T f L    [35], the following effective-enthalpy-based energy governing 
equation can be obtained 
                         e epl
l
En k
c T T
t 
 
    
  
u     (B5) 
For the enthalpy-based D3Q7-MRT model, the equilibrium moments  eqin  are defined as 
  e ,ref, , , , ,0,0eq pl x pl y pl z pEn c Tu c Tu c Tu c Tn
T
   (B6) 
where  0, 1  , ,refpc
 
is the reference specific heat.  
The effective enthalpy 
eEn  is computed by 
 
e 0 i
i
En n g     (B7) 
The relationship between effective enthalpy 
eEn  and temperature T  is given by 
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            (B8) 
where 
sT  and lT  ( s lT T ) are the solidus and liquidus temperatures, respectively, e,sEn  
( e,s s pl sEn c T ) and e,lEn  ( e l pl l l aEn c T f L   ) are the effective enthalpy values corresponding to 
sT  and lT , respectively. The liquid fraction lf  can be calculated by  
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           (B9) 
Through the Chapman-Enskog analysis, the following macroscopic equation can be obtained 
         
1
1 2e
,refζ 0.5pl t sT p t pl
En
c T c c T c T
t

         
u u         (B10) 
For incompressible thermal flows, the deviation term    
1
1ζ 0.5t t plc T
   
 
u  can be neglected, 
then the effective-enthalpy-based energy governing equation (B5) can be recovered with 
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            (B11) 
The equilibrium distribution function eq
ig  (
1=eq eqg nN ) in the velocity space is given by 
 
 
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,ref
, 0
1 1
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6 2
p
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            (B12) 
As did in Ref. [55], the reference specific heat ,refpc
 
is introduced into the model. Note that the choice 
of ,refpc
 
can be arbitrary. In the enthalpy-based D3Q7-MRT model, ,refpc  can be chosen as the 
harmonic mean of the specific heats, i.e.,  
          
,ref
2
1 1p
pl ps
c
c c


 
or 
,ref
3
1 1 1p
pl ps pm
c
c c c

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            (B13) 
The reference specific heat ,refpc  given by Eq. (B13) keeps unvaried in space ( plc , psc , and pmc  are 
constants). For solid-liquid phase change with convection heat transfer in porous media, the collision 
process of the MRT-LB model of the flow field needs to be considered for the liquid phase only 
( 0.5lf  ).  
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